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A novel approach is presented for the solution of production planning problems for
multiproduct processes. A mixed-integer programming (MIP) scheduling model is ana-
lyzed off-line to obtain a convex approximation of feasible production levels and a
convex underestimation of total production cost as a function of production levels. The
two approximating functions are expressed via linear inequalities that involve only
planning variables yet provide all the relevant scheduling information necessary to
solve the planning problem with high quality. A rolling horizon algorithm is also pre-
sented for generation (if necessary) of detailed schedules. © 2007 American Institute of
Chemical Engineers AIChE J, 53: 1298-1315, 2007
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Introduction

In 2005, the US chemical industry contributed over 2.3%,
$540 billion," to the gross domestic product (GDP). It is the
second largest manufacturing sector and one of the largest pri-
vate sector investors in R&D, with chemical patents accounting
for 21% of total awarded patents in 2004.> At the same time,
however, the chemical industry faces a number of major chal-
lenges such as migration of customer industries, saturation of
markets, increased global competition, continued environmental
regulation, and energy price and availability.>* To remain
healthy in today’s competitive environment, chemical compa-
nies must operate efficiently by simultaneously optimizing mul-
tiple levels of operation.”® To achieve this, advanced modeling
methods and optimization tools for the integration and solution
of large-scale supply chain optimization models are necessary.

In this article, we are specifically interested in medium-
term production planning of multiproduct processes. Produc-
tion planning seeks to determine optimal production targets
and product inventories for a given demand forecast. To effec-
tively solve this problem, we should also account for the
capacity of manufacturing facilities and production costs,
which is currently achieved via the integration of planning
and scheduling models. However, integrated models are noto-
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riously difficult to solve despite improvements in computer
hardware and optimization software. Current state of the art
methods are insufficient to meet industrial needs, while ad hoc
approaches are not adequate due to the complexity of the
chemical manufacturing facilities (e.g., batch splitting/mixing,
recycle streams, coproduction, different storage policies, util-
ity constraints, etc.). To address this problem, we propose
developing a set of constraints to accurately define the space
of feasible production levels (amounts) and associated produc-
tion costs. The strength of this framework is being able to
locate feasible production levels without needing to on-line
obtain a detailed schedule for achieving each target.

This article is organized as follows. We begin by reviewing
the area of supply chain management (SCM), defining the pro-
duction planning problem, discussing integration of planning
and scheduling, and reviewing previously proposed methods.
Next, we introduce the idea of process attainable region and
present an algorithm for generating constraints to describe this
region. Generalizations of the method are also provided.
Finally, we present a rolling horizon algorithm for the genera-
tion of detailed schedules over long planning horizons.

Background
SCM in the chemical industry

A supply chain (SC) is a network of facilities and distribu-
tion options that performs the following functions: procure-
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Figure 1. Supply chain planning matrix used by soft-
ware systems.
Modified from Meyr.’

ment of raw materials (RMs), transformation of RM into in-
termediate and finished products, and distribution of finished
products to customers. In 2003, inventory in US supply
chains was about 10% of the GDP, or almost $1 trillion,
resulting in 50%+ inefﬁciency.7 This implies that there is a
tremendous opportunity to improve the economy by reducing
inventories. The current environment places an even greater
premium on reducing inventories in industrial sectors with
small profit margins such as the commodity portion of the
chemical industry. The goal of SCM is the integration of
organizational units to coordinate material, information, and
financial flows to improve the competitiveness of the SC as a
whole.®?

The SC planning matrix shown in Figure 1 includes mod-
els for procurement, production, distribution, and sales deci-
sions along the x-axis, and models for long-, medium-, and
short-term decisions in the y-axis.” Because of the intercon-
nections between different levels of the supply chain and the
interdependence of the decisions made at the various geo-
graphical locations, SC decisions should be coordinated via
integration. Strategic or long-term planning affects the (infra-)
structure of the supply chain and is carried out over a hori-
zon of several years. Examples of strategic decisions are the
location of production sites and warehouses, the capacity of
these facilities, and transportation methods and routes. Mas-
ter or medium-term planning seeks to most efficiently fulfill
customer demand over a medium-term horizon of months.
Decisions involve the assignment of production targets to
production sites, transportation amounts, and inventory pro-
files. Finally, short-term planning is carried out for each indi-
vidual site upon receiving targets from master planning. At
the production level, short-term planning is referred to as
scheduling. The scheduling horizon is in days or weeks, and
scheduling decisions include batch-sizing, assignment of
tasks to equipment units, and sequencing of tasks.

In this article, we are primarily interested in addressing
the medium-term production planning problem subject to
scheduling constraints. The financial incentives for better
production planning are substantial: Exxon Chemicals esti-
mated that a major initiative reduced annual operating costs
by 2% and operating inventory by 20%, while a single poly-
mers business of DuPont was able to reduce its working cap-
ital tied up in inventory from $165 to $90 million.'® Produc-

*Note that the models in the SC planning matrix differ also in terms of indus-
trial sectors. For example, distribution planning in high-value, low-volume goods
such as pharmaceuticals is quite different than distribution planning in commod-
ities such as crude oil.
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tion planning becomes even more important as clients
become more demanding and pressure builds for maximizing
the productivity of existing assets.

This problem is challenging because in process industries
production planning decisions may be limited by short-term
scheduling constraints. To determine optimal production
planning targets, it would seem necessary to combine pro-
duction planning and scheduling (highlighted in Figure 1) in
an integrated model. However, this may be computationally
expensive or intractable. Essentially, scheduling models
define a combinatorially immense number of (feasible)
detailed schedules. Each detailed schedule corresponds to a
feasible production amount. Production amounts are either
feasible because at least one detailed schedule corresponds to
it, or are infeasible because no detailed schedule corresponds
to it. Ideally, however, we would like to solve the production
planning problem without solving an integrated planning-
scheduled model.

Production planning

The goal in production planning is to meet customer
demand at minimum total (i.e., production + holding +
backlog) cost over a medium-term time horizon. Given are

e A fixed planning horizon H (2-12 months), divided into

planning periods ¢t € {1, 2, ..., T} of uniform duration
H, = HIT.

e A set of final products k € K™ = {1,2,...,K}.

e Demand Demy, for product k at the end of the planning
period ¢.

e Holding cost &, and penalty u; for unmet demand for
product k.

e Process capacities.

e Production costs.

Decision variables include

e The production target P, of product k in period .

e The inventory level I;, of product k in period t.

e The shipment level D;, of product & in period 7.

e Unmet (backlogged) demand Uy, for product k in pe-
riod .

e Total cost CT.

Backlogged demand is modeled in order to (a) penalize
outstanding orders and (b) ensure feasibility of the planning
problem. The objective is minimization of the total cost CT.
If revenue from sales is considered, then the objective is the
maximization of profit.

A general formulation for production planning involves
constraints 1-8. Feasible production targets are implicitly
modeled via function F(P;,) in Eq. 2, and production cost
Cp; in period ¢ is expressed via function C(P;) in Eq. 3.
Holding cost Ch, and backlog cost Cu, are calculated in Egs.
4 and 5, respectively. Inventory and backlog flow balance
constraints for product k at the end of period ¢ are maintained
in Egs. 6 and 7, respectively. We will refer to this production
planning model as (PP1).

min CT = » *(Cp, + Ch, + Cu,) (1)
teT

F(Py) <0 Vit 2)

Cp, =C(Pu) Vi 3
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Figure 2. Process network of motivating example.

Chy = Il Vi 4
k
Cu = Y wly Vit 5)
keKFP
Iy =Iy_1 + Py — Dy Ykt (6)
Uy = Uy_1 + Demy, — Dy, Vk,t (@)
P Iy, Dy, U > 0 k1 ®)

Since functions F(Py,) and C(Py,) are not readily available,
constraints that approximate process capacity and total pro-
duction cost are employed. For example, in discrete manu-
facturing industries, aggregate capacity constraints based on
bottleneck units are often used. However, these approximate
representations do not capture the complexities of chemical
plants, leading to production targets that may be infeasible or
suboptimal.

Motivating example

To illustrate why aggregate constraints are insufficient, we
consider the process network in Figure 2. Raw material
(RM) is converted by unit Ul into unstable intermediate
INT, which is immediately converted by unit U2 into final
product A or by unit U3 into final product B. The maximum
rate of unit Ul is 300 kg/day. For technical reasons, Ul is
operated above rate 200 kg/day or else turned off. Note that
Ul is able to achieve an average rate lower than 200 kg/day
by being turned off for some time. Similarly, unit U2 is
operated between 150 and 200 kg/day or else turned off.
Unit U3 is operated at 150 kg/day or else turned off. All
three units have a residence time of 1 h.

Given the topology of Figure 2, unit Ul appears to be the
bottleneck of the process network. The maximum processing
Py kgl Pyikgl Pyikgl
P+ Pplis 1,392

-

UL: Py + Py <2100
2,000 4

UL: P+ Py <2100
s, P, <1400

My, 8
L U3 Py 1,050

1, 00H) I-’iP,I'P'Pﬂ
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(a) Aggregate
capacity constraint
(U1 only)

(b) Aggregate
capacity constraints
(all units)

{¢) True production
via scheduling

Figure 3. Alternative attainable regions of process net-
work of Figure 2: (a) aggregate capacity con-
straint (U1 only), (b) aggregate capacity con-
straints (all units), and (c) true production via
scheduling.
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rate of unit Ul is used to develop the weekly aggregate
capacity constraint shown in Figure 3a. Treating every unit
as a potential bottleneck, we derive a tighter region in Figure
3b. However, the true feasible production region is the one
shown in Figure 3c. Lack of storage at INT causes A to be
produced in equal amount whenever B is produced and pre-
vents units Ul and U2 from operating at full capacity simul-
taneously. Also, the residence time of unit Ul causes units
U2 and U3 to sit idle for the first hour, which is not
accounted for by aggregate capacity constraints. The regions
shown in Figures 3a, b overestimate the true feasible region
by 203% and 94%, respectively.

Integration with scheduling

To address the limitations of aggregate representations,
researchers have proposed large-scale integrated models
where a detailed scheduling model is integrated with a pro-
duction planning model. The advantage of these models is
that production targets P, are feasible and total production
costs Cp, are accurate because they satisfy a detailed sched-
ule. To illustrate integration, here, we briefly present the
State-Task Network (STN) formulation'! for discrete-time
scheduling. To keep the presentation simple, we do not con-
sider changeovers and utility requirements.

Chemicals (“states”) k € K are transformed from RMs to
final products by a series of tasks, which can be batch i € I®
or continuous i € /. Each task consumes specific states and
produces different states. The number of batches (i.e., num-
ber of instances that a task is run), their size, their assign-
ment to a single unit j € J, and their sequencing are all deter-
mined as part of the optimization. Each planning period ¢ €
{1, 2, ..., T} is divided into N scheduling periods of length
At = H//N, thus defining N + 1 time points n € {0, 1, 2, ...,
N} (Figure 4). Time points ¢ of the planning problem corre-
spond to a big-bucket (1-4 weeks) planning time grid, while
the time points n of the scheduling problem correspond to a
small-bucket (1-24 h) scheduling time grid (Figure 4).

Batch tasks i € I® start on unit j at time point 2 if Wij is
equal to one. Batch tasks finish at time point n + t; where
7;At is the processing time of task i. Equation 9 forbids batch
tasks that would finish beyond the scheduling horizon, where
I(j) is the set of tasks i that can be carried out in unit j:

Wi,=0 VjeJ ielPni(j) n>N-1 Q)

Continuous tasks i € I are processed on unit j during time
period following n if W, is equal to 1. The residence time
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Figure 4. Time grids for planning and scheduling.

May 2007 Vol. 53, No. 5§ AIChE Journal



of continuous tasks is assumed to be one-time period. Equa-
tion 10 forbids continuous tasks that would finish beyond the
scheduling horizon.

Win=0 VYjeJ, iel°nI(j), n=N (10)
During each time period, each unit j can be assigned to only
one task:

n'<n

S0 Wit > Wi <1 Viedn (1)

ieBnl(j) ' >n—1;+1 i€lCn(j)

The batch size B,?,, of a batch task is restricted between the
minimum V},\AIN and maximum V};AAX capacity, while the
amount B,j,, processed by a continuous task is restricted by

MIN MAX
the minimum Tjj and maximum rj processmg rate:

VW, <BR, < VESWy, Yjed, iel®nl(),n (12)

ijn

(™AW, < BG, < (r™ AWy, VjeJ iel°nli(j),n
(13)
The inventory S, of chemical (state) k in time point n is
given by Eq. 14, where p; is the stoichiometric coefficient
of chemical k in task i, I(k)/O(k) is the set of tasks consum-

ing/producing chemical k, and Sy is the storage capacity
dedicated to chemical k:

Skn - Sk,n—l + Z Z Pik BB

ij,;n—1y
Jes | ier®ni(j)no(k)

+ Z Pik B}?n + Z

i€l ()N (k) il°NI(j)NO (k)

>

i€l (j)NI(k)

C
piszj,nfl

paBg, | < S Vkono (14)

Finally, total production cost is calculated by Eq. 15 where
we assume that RM and utility costs are lumped into a fixed
and a variable term for each task i:

po= D0 D > (W 7 BY, 4 FSBS) (5)

JEJ i€l(j) neN
The scheduling model (S1) consists of Eqs. 9—16.

Wiy € {0,1},B2 . BS, . Sin >0 YjeJ

ijn Zijn? iEIO)an (16)
Model (S1) is linked to production planning via Eq. 17,
which, for every planning period, sets the ending inventory
of each final product in the scheduling model equal to its
production level in the planning model. A separate schedul-
ing model is formulated for each planning period, so the pa-
rameters, variables, and equations of model (S1) are all im-
plicitly indexed by .

Py=Sm VkeKT tn=N (17)
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Alternatively, if the production planning problem is modeled
such that a single scheduling model spans the entire planning
horizon, then index n should be expanded to n € {0, 1, 2,

, NT}, RMs deliveries need to be formulated, and Eq. 17
should be replaced with the following:

Pu=Swm VkeKT tn=1N

The integrated planning-scheduling formulation (PP2) con-
sists of Eqs. 1 and 4-17 where Eqs. 9-17 replace generic
Egs. 2 and 3 to accurately describe what production targets
P, are feasible and determine total production cost Cp,. Bi-
nary scheduling variable W, is indexed by i, j, and n (and
1), causing the integrated formulation to be a large-scale
mixed-integer programming (MIP) model. Such models are
tractable for simple process networks over short planning
horizons. However, short planning horizons lead to myopic
solutions that cannot account for future demand peaks,
scheduled maintenance, and (infrequent) transportation dates.

It is interesting to note here that integrated planning-sched-
uling models were developed as a means to obtain feasible
production targets, not as a means for having detailed sched-
ules for several months. The actual schedule is dynamic and
will be updated as demand and supplies change and produc-
tion upsets occur. Therefore, what we want is a surrogate
model that can accurately and more tractably replace the
scheduling model.

Literature review

Researchers have developed integrated planning-scheduling
models and decomposition schemes for their practical solu-
tion. Direct optimization of integrated (full-space) planning-
scheduling models is theoretically optimal but generally in-
tractable. Most schemes solve planning and scheduling mod-
els separately to take advantage of the different frequencies
in which planning and scheduling decisions are made and
different time scales in which they have effect. Generally,
the planning model is solved first using an approximation of
the scheduling model; if a strict over-approximation is used,
then the approximated model provides a bound on the full-
space model.'? Next, the scheduling model is solved to give
a feasible solution that is “optimal” relative to the planning
solution. Hierarchal decompositions terminate here. However,
some proposed schemes can update their planning and sched-
uling models such that the bound and feasible solution are
improved w1th each reoptimization.

Graves'® presents a Lagrangean decomposition for separat-
ing a LP planning-scheduling model. Birewar and Gross-
mann'* present a planning model with multistage scheduling
within each planning time period. Since cycle times for pro-
ducing a single batch and slack times for consecutive cycles
can be calculated off-line for specific multistage instances,
the planning model is solved for the number of batches in
each period, subject to total cycle and slack time (instead of
makespan) being constrained to be less than each planning
time period. Wellons and Reklaitis'® present a planning—
scheduling model using campaigns identified off-line as
being dominant. Papageorgiou and Pantelides'® present a
model and hierarchal decomposition for scheduling same-
cycle campaigns. Karimi and McDonald'” present two models
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for scheduling semicontinuous batches subject to due dates.
Zhu and Majozi'® present a planning model linked by pro-
duction targets to State Sequence Network scheduling models
and comment on the block angular structure. A hierarchal
decomposition is proposed in which the planning problem is
solved to assign production targets, subject to aggregate
capacity constraints. Romero et al.’? present a financial-plan-
ning model with detailed single-stage scheduling in the first
planning time period and sequence-independent, approxi-
mated scheduling in latter time periods. Guillén et al.”° pres-
ent a variation using STN scheduling. Erdirik-Dogan and
Grossmann”' present a model and an iterative decomposition
scheme for planning continuous batches on a single unit sub-
ject to due dates. Wilkinson et al.>* present a temporal aggre-
gation scheme for overapproximating Resource-Task Net-
work scheduling models. Dimitriadis et al.>> present a rolling
horizon algorithm for this. Wan et al.** use simulation to ap-
proximate individual models as support vector machines and
optimize a supply chain using these approximations.

From an industrial perspective, Shobrys and White'® dis-
cuss the integration of planning, scheduling, and control, and
McKay and Wiers® discuss the integration of scheduling
software (e.g. APS) with larger Manufacturing/Enterprise
Resource Planning (MRP and ERP) systems. Lasschuit and
Thijssen® describe integrating strategic and operational plan-
ning at Shell, and Berning et al.*’ discuss an integration sys-
tem for SCM at Bayer. Other integrated models and decom-
positions are available as well, and not limited to planning
and scheduling. Kallrath®® discusses the integration of strate-
gic and operational planning, and Iyer and Grossmann®’ inte-
grate capacity expansion decisions with planning. Extended
discussions on integrating, planning, and scheduling can be
found in Shah,*° Kallrath,>' Pinto et al.,*? and Bodington.*?

Proposed Framework

Our goal is the development of a systematic framework
for obtaining, from a scheduling model, production feasibility
and cost information in a form that is amenable to integration
with the production planning problem. We wish to develop
approximating functions F(P;) and C(P;,) using linear
inequalities that involve only planning variables P, and Cp,.
These inequalities define the Process Attainable Region
(PAR) of the process network.

To illustrate how this can be achieved, we revisit the moti-
vating example in Figure 2. The true feasible region shown in
Figure 3c can be equivalently defined using only three inequal-
ities: Po > P, Po + Pg/3 < 1392, and Pg > 0. Despite
involving only variables P, and Pg, these three inequalities
provide the same feasibility information as Eqs. 9-17 of a
detailed MIP scheduling model involving hundreds of varia-
bles and constraints. These inequalities can be expressed in the
form shown in Eq. 18, where whis the coefficient for product k
in the /th constraint, and IT' is the RHS of the /th constraint:

> wiPu<I' VieLp (18)

kek™

Similarly, linear inequalities can be formulated to provide
a convex underestimation of total production cost Cp, in
terms of planning levels P, (Figure 5):
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Figure 5. Convex underestimation of Cp as function of
PA and PB'

Cp, > Z wi P+ V€L,
keK™

which can be rearranged to take on the form shown in Eq.
19:

> Wi Pu+weCp, <T' VieLo (19)
keKF?

Generally, sets Lg and Lo are not known a priori for a given
process network. The goal of this article is a systematic
framework for identifying Eqs. 18 and 19, which are
extremely compact and free of all scheduling variables not
explicitly found in the production planning problem (PP1).

The idea of describing the attainable space of feasible pro-
duction amounts and total production cost is similar to the
attainable region approach34—36 for describing the space of
chemical species concentrations that can be reached by a set of
chemical reactions. However, in the case of process networks,
attainable production depends not only on (intensive) stoichi-
ometry, thermodynamics, and rates, but also on (extensive)
equipment capacity, initial inventory, inventory capacity, util-
ity constraints, changeover times, and other characteristics of
the network.

Conceptually, the idea of describing the attainable space is
also similar to Benders Decomposition,37_39 where both seek
to replace the subproblem with linear constraints. However,
the implementation of what and how linear inequalities are
added is significantly different. Benders Decomposition is
well-defined for linear subproblems, but remains an open
topic for mixed-integer subproblems. Several recent ideas are
based on a mixed-integer Farkas lemma,*® Reformulation-
Linearization Technique,*' logic-based cuts,** and minimally
relaxed cuts.*?

Algorithm

This section presents our algorithm for locating the PAR.
It is based on the convergence of two n-dimensional convex
polytopes44’45: an underestimation (UE) and an overestima-
tion (OE) of the convex hull of the true feasible region pro-

jected onto P, (k =1, ..., K) and Cp. When developing the
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Figure 6. Convex regions from known feasible points
(UE) and from found linear inequalities (OE).

inequalities in Eq. 18 (feasibility cuts), we set n equal to K:
production of each final product is represented as a separate
dimension. When developing the inequalities of Eq. 19 (opti-
mality cuts), we set n equal to K + 1: total production cost
is an extra dimension. We note that convex polytopes can be
expressed by their vertices (V-representation) or by their fac-
ets (linear inequalities or half-spaces, H-representation). The
UE polytope is the convex hull of a set of feasible solutions
that have been found. The OE polytope is the convex region
defined by valid linear inequalities. By definition, a valid in-
equality must be satisfied by all feasible solutions. As seen
in Figure 6, the UE (OE) polytope is always less (greater)
than or equal to the convex hull of all feasible solutions. In
Figure 6b, adding a new feasible solution (linear inequality)
monotonically inflates (deflates) UE (OE) polytope.

Our method for identifying new feasible solutions and new
linear inequalities involves iteratively solving model (S2),
which is the original scheduling model (S1) plus linking Eq.
17 and the following weighted objective function:

Z = max Z wiPr + wceCp (20)

keK™

where we = 0 when generating feasibility cuts. The solution
of (S2), even if nonoptimal, provides a feasible point for the
UE and a valid inequality OE™ for the OE:

OE" = Y " w{'Py +wcCp <TI"  Vm 1)
keK™®

where I1” is the best upper bound of (S2). If (S2) is solved
to optimality, then the best upper bound is the optimal objec-
tive value. The procedure for generating feasibility cuts is
shown in Table 1.

The initial 2K search directions (i.e. weights) maximize
and minimize individual production of each product P, to
obtain 2K inequalities that set up the initial OE and 2K (not
necessarily unique) feasible points that set up the initial UE.
This guarantees that the initial OE is bounded. Optimization
problem (M1) is then solved to identify a new search direc-
tion, as well as determine the maximum perpendicular dis-
tance (MPD) from the UE to the OE. We begin iterating:
using the new search direction, we solve (S2) to obtain a
new inequality for the OE and a new feasible point for the
UE. We update the OE by adding the new inequality to the
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set of found inequalities that define the OE. We update the
UE by discarding all previous UE inequalities and then pass-
ing all feasible points, both new and previously found, into
the Quickhull algorithm®® for conversion into “updated” UE
inequalities. For clarity of presentation, the set of UE
inequalities is indexed by the iteration m in which they are
updated, e.g., / € Lg(m). Note that if (S2) is solved to opti-
mality, then the new feasible point satisfies the new OE in-
equality as equality. We repeat the process until convergence
is achieved, convergence cannot improve by our algorithm,
or iteration or cumulative resource limit is reached. Finally,
schedules found by model (S2) are saved for later use.

The procedure for generating optimality cuts is almost
identical. Search direction w™ is augmented by w¢ to
become w™ = [w!", w5, ..., wk, w¢l. If the algorithm is run
twice, once to generate feasibility (Eq. 18) and once to gen-
erate optimality (Eq. 19) cuts, then optimality cuts with wc
> 0 may be discarded because they provide redundant feasi-
bility information for P, and irrelevant upper bounding infor-
mation for Cp. Next we discuss in detail the steps of the
algorithm.

Solution of model (S2)

If the discrete-time STN scheduling model is used, then
the optimization model (S2) consists of scheduling Eqs. 9-17
plus objective function Eq. 20. Note that any scheduling for-
mulation or scheduling-specific algorithm can be used
instead. To keep the presentation simple, we assume that the
attainable region of a process network is independent of time
period, i.e., in this section, we drop index ¢ from variables
P, and Cp,. In each iteration m, we use search direction w™
= W wi,..., wg, w&' to maximize the weighted
production of final products k € K** and total production
cost Cp.

The Quickhull algorithm

This study makes extensive use of the Quickhull algo-
rithm*® (www.qhull.org) to convert convex polytopes from
V-representation to H-representation, to convert from H-rep-
resentation to V-representation, to calculate polytope volume,
and to filter inequalities. At the heart of the Quickhull algo-
rithm, an n-dimensional convex hull is constructed using
(n — 1)-dimensional facets that are each defined by n points.
For n = 2, the convex hull is constructed from lines that are
each defined by two points. For n = 3, the convex hull is

Table 1. Outline of Proposed Algorithm

0 Set m* to 0; choose initial search directions for 1 < m < 2K:
w = [ owh, o win
Increase m* by 1.
Solve (S2) with weight w™" to obtain a feasible point for
the UE and an inequality for the OE.
If m* < 2K, then return to 1; otherwise, continue to 3.
3 Run the Quickhull algorithm to convert feasible points
into UE inequalities.
4 Solve (M1) to find the MPD and identify new search
direction w™" 7.
—  If (MPD > 0) AND (W™ # w™ ¥ m < m*) AND
(m* < MAX), return to 1; otherwise, continue to 5.
Set PAR inequalities Eq. 18 equal to UE inequalities.
6 Filter to remove redundant OE inequalities.

N —

W
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Figure 7. Violation of an UE inequality.

constructed from planes that are each defined by three points.
Every facet can be written as a linear inequality of the fol-
lowing form:

Z wiPy, < T VUE facet (22)

keKP

where P are coordinates, w is the outward-pointing unit nor-
mal vector of the facet, and Il is a scalar. For each facet, w
and IT can be computed from the coordinates of the n points
defining that facet. Different sets of points may lead to the
same inequality. Note that the Quickhull algorithm automati-
cally discards interior points. One method for filtering redun-
dant inequalities from the set of OE inequalities is to convert
that set into a set of vertices and then back into a set of
inequalities.

Solution of model (M1)

Search directions should point toward unexplored regions
of the convex hull where the OE and UE do not match. To
achieve this, we seek a point P = [Py, Py, ..., PiT that is
within the OE but outside the UE. To be outside the UE
polytope, at least one UE inequality must be violated. On the
basis of the normal vector w and RHS IT' of an UE inequal-
ity, its violation by P is easy to calculate: Violation = max
(0, wiP — Hl). If w is normalized to length one, then the
magnitude of violation is the Euclidean distance from P to
that UE inequality.

If the OE and UE polytopes have not converged, then at
least one point still in the OE violates at least one UE in-
equality. Hence, our algorithm chooses the next search direc-
tion from among the outward-pointing normal vectors of cur-
rent UE inequalities. Optimization model (M1) consists of
Eqgs. 23-28 and is formulated to identify the UE inequality
perpendicularly most violated by some point P that is re-
stricted within the OE:

max MPD = Z slack’ (23)
leLp(m*)
S Owpp <T" Vm <’ (24)
kekK™

Z Z'=1 (25)

leLp(m*)

> wiPy > T +slack’ — M(1—2Z') Vi€ Lp(m*) (26)
keKtP

1304 DOI 10.1002/aic

Published on behalf of the AIChE

slack! < MZ' Vi € Lp(m") (27)

MPD >0 slack' >0 Vi€ Lg(m*) Z' €{0,1}
VI € Lp(m*)  (28)

where @' (0} and TI" (IT) are coefficients and RHS of OE
(UE) inequalities, and Lg(m*) is the set of UE inequalities at
iteration m*. Equation 24 restricts point P within the OE.
Because of Eq. 25, exactly one UE inequality is “active”
(Z' = 1). For the active inequality, Eq. 26 is satisfied as equality,
and slack’ records the violation of P measured in Euclidean
distance. Because of Eq. 27, slack’ is allowed to be nonzero
only for the active inequality. Model (M1) is set up to maxi-
mize the nonzero slack’, so P is driven to a vertex of the OE
and the objective function yields the maximum perpendicular
distance (MPD). The next search direction is set perpendicu-
lar to the active UE inequality: w™ "'=w'=*“"* In Figure 7
solving (M1) identifies as active the UE inequality defined
by vertices A and B (Z*® = 1). The MPD is measured per-
pendicularly from this facet to P*. Normal vector w*® is
chosen as the next search direction.

Selecting a search direction from among current UE
inequalities has several advantages: (a) UE inequalities are
generated from feasible points previously found by the algo-

a) OE?

1044

B = (1044, 1044)

696 -

3481+

696

ada -

i] 348 06 1044 1392

Figure 8. Development of inequalities for the process
network of Figure 2.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 2. Solution of (S2) for Figure 8

m Solution w™ I Active UE MPD Vol. Ratio (%)
Initial 1 AorC [0,—1] 0 - 738 50
2 A [—1,0] 0 -
3 B [0,1] 1,044 -
4 C [1,0] 1,392 -
Iterations 5 AorB [-1,1]/v2 0 UE"E 330 80
6 BorC 3,1]/v/10 4,176//10 UEBC 0 100

rithm, (b) UE inequalities in the investigated region are likely
to be replaced via the Quickhull algorithm by new tighter UE
inequalities, and (c) UE inequalities away from the investi-
gated region are unchanged. In addition, the solution of (M1)
can be used to create a redundancy check for the next iteration.
The new OE inequality found by (S2) should only be added if
it deflates the OE, i.e. if its RHS TT” is strictly less than TT¢“""
+ MPD from the previous (M1).

Termination

The algorithm terminates if a resource/iteration limit is
reached or the MPD stops improving. MPD is attractive as a
possible measure of convergence because it: (a) is already
calculated in every iteration, (b) is necessarily positive if the
UE and OE do not match, and zero if they do match. How-
ever, the MPD does not necessarily decrease monotonically.
An alternative convergence criterion that improves monotoni-
cally is the ratio Vol(UE)/Vol(OE) of the volumes of the two
polytopes. In each iteration m*, solving model (S2) results in
one of the following cases:

(a) Model (S2) is solved to optimality.

(b) Model (S2) is not solved to optimality, yet the UE, the
OE, or both are improved. For cases (a) and (b), the
new search direction w™ ™ is either new (which is de-
sirable) or else a repeat of w™ for some m < m*. The
latter is possible if model (S2) was previously solved
not to optimality (case b) in direction w™.

Model (S2) is not solved to optimality, and neither the UE
nor the OE is improved. Neither polytope is improved, so
solving model (M1) yields the same active UE inequality
as in the previous iteration: w™ ™ = w™".

The algorithm ceases improving if the new search direc-
tion is a direction that has already been searched. Note that
the algorithm can be modified to find a different search
direction, or model (S2) can be solved using a higher compu-
tational resource limit when solving for the second time in a
direction.

(©

Motivating example revisited

The above algorithm was applied to the process network
shown in Figure 2. The four initial search directions w'”=1,

Table 3. UE Inequalities from Feasible
Solutions (Points) in Figure 8

lelg
(m=4) Vertices Inequalities
1 A, C —Pp <0
2 A. B —PA/V2+Pp/V2<0
3 B, C 3P5/V10 + Py /v/10 < 4176/1/10
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w?, w, and w* are shown as arrows in Figure 8. They yield
points A (or C), A, B, and C, respectively, and inequalities
OE', OE?, OE?, and OE* respectively. Points A, B, and C
are input into the Quickhull algorithm to yield inequalities
UE”B, UEBC, and UE*C. The MPD between the two initial
polytopes is equal to 738; the new search direction w” is per-
pendicular to U”B, In the first iteration (m = 5), the solution
of (S2) yields point A (or B), which does not inflate the UE.
The bound of (S2) generates inequality OFE’, which is identi-
cal to UE*E. Next, the MPD is 330 and the new search direc-
tion w® is perpendicular to UEBC. In the second iteration
(m = 6), the solution of (S2) yields point B (or C) and in-
equality OE®, which is identical to UE®®. Again, the UE is
not inflated. After adding OES, the MPD is 0, indicating con-
vergence of the OE and UE. The algorithm terminates. Note
that the coefficients of generated OE inequalities provide a
history of previous searched directions. In this example, the
initial UE polytope Lg (m = 4) is able to find the convex hull
so that the UE cannot be inflated during iterations. The solu-
tion of scheduling model (S2) in each iteration is given in
Table 2. Of the six total OE inequalities generated, three
(m = 2, 3, 4) can be filtered out. The remaining three inequal-
ities match the three UE inequalities shown in Table 3.

Multistage example

To demonstrate the flexibility of the proposed method, we
generate the PAR of a process network with many products
and a multistage structure, such as found in the food and
chemical industries. Process network (PN1) (Figure 9) is an
example modified from Maravelias*’ with six processing
units and seven final products. Detailed data for this example

(o)) (92D (880 (18 (Jesl) (el )i
TS,T9, TILTI2,
TI0

TLLT2 T3T4 T5T6 T7

T13,T14}

19| [T10
bs b¢
Figure 9. Process network (PN1).
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Table 4. Convergence of the Algorithm for (PN1)

UE OE Vol.
MPD Volume Volume  Ratio (%)

1053.413 9.68E + 14 4.88E + 18 0.02
62.505 2.62E + 15 522E + 15 50.1
After 20 iterations 55.777 3.15E + 15 S5.01E + 15 62.8
After 30 iterations 21.711 3.23E + 15 3.32E + 15 97.1
After 40 iterations 6.081 3.30E + 15 330E + 15  99.9

Initial polytopes
After 10 iterations

are given in Appendix A. In the first stage, orders (batches)
passing through units Ul or U2 take 2 h. In the second stage,
orders passing through unit U3 take 1 h. In the third stage,
processing time is 2 h for tasks on unit U4 and 1 h for tasks
on units U5 and U6. Product A can be produced by task T7
or T8. Products E and F are produced by different tasks but
involve the same precursor on the same unit. Note that prod-
ucts A and G bypass the second stage.

For a 48-h scheduling horizon, a seven-dimensional PAR
was generated after 40 iterations and 4000 s. This PAR is
defined by 67 UE inequalities and bounded by 25 filtered OE
inequalities. Furthermore, the UE/OE volume ratio is in
excess of 99% as shown in Table 4. In this example, the vol-
ume ratio is high because (S2) is solved to optimality in a
large number of iterations (31 out of 40). To put the final
MPD (6.081) in perspective, the maximum production of any
single product over 48 h is between 450 and 575 U. Every
vertex of the PAR is a feasible solution/detailed schedule.
Any feasible solution that is outside the PAR is guaranteed
to be within the OE, therefore within 6.081 U of the PAR.

Extensions
Time-dependent functions

In production planning, it is often required to determine
weekly production targets for the first 2—4 periods, while
monthly production targets are sufficient for subsequent peri-
ods. Hence, we often have to consider nonuniform planning
periods of fixed or varying length. To solve such problems
we can modify the RHS of Eq. 18 to be time-dependent:

> wiPy <TI(H,) Vi€ Ly (29)

kek™

If HI(H,) is a linear or convex piece-wise linear function,
then Eq. 29 can be rearranged to resemble Eq. 19, with H,

Figure 10. Development of time-dependent PARs: an
inequality being inflated by H;.
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Figure 11. Process attainable region in the presence
of changeovers.

becoming an extra dimension of the PAR (Figure 10). Time-
dependent PARs can be used to solve production planning
problems in which the timing and duration of medium-term
maintenance needs to be scheduled, or the short-term sched-
uling decomposes into a start-up/shut-down phase and a cy-
cling phase.

Nonconvex regions and functions

The linear constraints in Eqs. 18 and 19 seek to provide a
convex approximation of feasible production targets P, and
a convex underestimation of production cost Cp, respec-
tively. However, in facilities where the capacity of the pro-
cess network depends heavily on the loading of equipment
units and/or when large changeover times/costs are present,
these approximations may be poor. Consider the process net-
work in Figure 11a, in which changeover for units is signifi-
cant. Units Ul and U2 can be used together to produce prod-
uct A at rate 10 kg/day or product B at rate 8 kg/day. Chang-
ing products requires half-day for unit Ul and 1 day for unit
U2. For a scheduling horizon of one week, the tightest con-
vex approximation is shown by the dotted line in Figure 11b,
while the true feasible region is shown by the gray noncon-
vex region.

These nonconvex regions and functions can be modeled as
unions of convex regions using disjunctive programming.48’49
For this process network, the attainable region can be divided
into three subregions. In region I, both units begin set up for
producing A and neither unit undergoes changeover. In
region II, both units begin set up for producing B and neither
unit undergoes changeover. In region III, both units begin set
up for producing the same product and each undergoes
exactly one changeover to produce the other product. Note
that changeover of unit U2 is a bottleneck that holds up
overall production by 1 day. A binary is introduced for each
region: Z', Z", and Z™. Production P, is disaggregated by
region: PE,, P,ICI, and P,ICH. Certain production amounts (e.g.,
[P, Pg] = [60,0]) can be attained by more than one region;

Reegion [

il Region [11: Uniicn of 1, 10, and 111
| L
E P-,I: =1 N P10 + PR < 6 70 F1b 77— |
/ :q“ 'Fll\:.- :I.‘f R Py=Pu 4+ P4 P
i b= .

. Py= Pyl + Pl 4+ P

Region 1; L P

+ . / =
CETP A VL i
|1”|| 0 r ‘:-_:_\
|1I|'Il |:|nll = (1]

| TR O PO R S | R PR PO LS
Py kg'wesk) T mn

Fyikgweck)

Py tkgweek)

By Ikgweek) T
Figure 12. True feasible region as the union of convex
regions.
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Figure 13. True feasible region including production
cost.

Equations from Figure 12 are also needed but are not
shown.

nevertheless, the union of all regions shown in Figure 12 cor-
rectly models the true feasible region.

Modeling of nonconvex feasible regions can be extended
to production cost Cp. Suppose, for the process network
shown in Figure 11a, units Ul and U2 have fixed changeover
costs 100 and 120, respectively, and operating costs 15 and
20 per kg, respectively. The attainable region of the process
network is shown in Figure 13, where Cp is modeled as an
extra dimension. Similar to P,, Cp is disaggregated by
region. Equations from Figure 12 are also needed in Figure
13, but are not shown. Note that the projection of all regions
in Figure 13 onto the P, and Py axes yields the unified
region in Figure 12.

In this simple example, we use three auxiliary variables to
capture all the necessary information. In general, there are
many ways to partition the true nonconvex region into con-
vex regions and many ways to formulate a nonconvex region
using discrete variables. Hence, the development of a system-
atic framework for the development of nonconvex attainable
regions is a topic for future research. Regardless of the spe-
cifics of the representation, however, the surrogate model is
expected to be substantial simpler than the MIP scheduling
models currently used in integrated formulations.

Identification of production bottlenecks

The proposed method can be used to identify limiting con-
straints of a process network. Consider (PN2) in Figure 14,
an example modified from Kondili et al.'’ with four process-

(Rl ([Rn]) (Sel)

H R1.R2.R3 g

Figure 14. Process network (PN2).
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Figure 15. Effect of length of planning period.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

ing units. Detailed data for this example are given in Appen-
dix A.

We develop the PAR of (PN2) for planning periods (i.e.
scheduling horizons) of 120, 168, and 216 h. The correspond-
ing PARs Rlzo, Rlﬁs, and R?'° are shown in Figure 15. As
explained previously, the shape of the PAR reflects the charac-
teristics of the process network. In this example, product B
requires intermediate INT2, which is a byproduct of A. Hence,
production of B requires production of A in ratio 1.9275:1, as
reflected in the slope of the upper-left boundary of the PAR of
(PN2). This hidden constraint is caused by coproduction,
where one product must be produced whenever another prod-
uct is produced. Coproduction is common in cutting stock
problems where different sizes have to be combined to reduce
waste, in multistage continuous plants where a process is con-
nected to two or more downstream processes to match the
processing rate, and in any process network with significant
amounts of byproducts. Coproduction represents a structural
constraint that is difficult to identify because it does not explic-
itly depend on production capacities/rates.

Production of B is further linked to production A via the
storage capacities SYAX and SNAY for intermediates INT2

P kg)
3000
P
¥ o
e A
/ L
-~ 1
- Y
i [}
P Y
2000} P [
i 1
‘,
!
. 500 )
e R" o 1
ol |
1000/ Fd 100 i
rd R ’.y’
e .r"
. 7
4’/ A
. ",-‘ ”," R 1500 P
OLf i I A
0 GO0 1200 1800 (kg)

Figure 16. Effect of storage capacity.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 17. Process network (PN3).

and IMP, respectively. For P, > 866.7 kg, product B must
be produced at at least the stoichiometric ratio 1.9275 to pre-
vent INT2 storage from overflowing. This second hidden
constraint is a parallel line that intersects the Pa-axis at
866.7.

Even if the length of scheduling horizon is increased (or
the processing capacities/rates of tasks are increased), the
feasible production region remains limited by these two cop-
roduction constraints. Only the upper-right front of the PAR
is affected by horizon length.

To further illustrate how process features can affect the PAR
of a process network, we generate the PAR of (PN2) for a plan-
ning period of 120 h with the storage capacity for INT2
increased from 500 to 1000 and 1500 kg. The corresponding
regions RSOO, R1000, and R™ are shown in Figure 16. As
explained earlier, storage capacity Siira allows us to produce
A without producing B. Thus, increasing SNTY allows us to
produce smaller amounts of B for the same amount of A.

Figures 15 and 16 demonstrate how subtle process features
can affect what production levels are attainable. The pro-
posed method, in addition to providing an efficient method
for solving production planning problems, can also be used
as a qualitative aid for identifying and analyzing the domi-
nant characteristics and constraints of process networks.

Integration of Production Planning and
Scheduling

The inequalities in Eqs. 18 and 19 provide approximations
of functions F(P,) and C(Py), respectively. They can be
generated off-line and only need to be generated once for
each manufacturing facility. Once generated, they can be
integrated with the production planning model without intro-
ducing any variables not already in the general production
planning model (PP1). The proposed model (PP3) consists of

Table 5. Rolling Horizon Algorithm (S-PP3)
for Long-Term Scheduling

0 Set0toO.
1 Solve (PP3) for planning periods to obtain targets Py, 1,
Prosas - Prr

2 Increase 0 by 1.

3 Solve scheduling model (S3) for period ¢ = 0 to meet target
Po. Fix Py to closest solution found.

- If 0 =T, stop.

—  If the production target is met exactly (Syv = Py for every
ke KFP), go to 2; otherwise, go to 1.
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Egs. 1, 4-8, and 18-19. This new model is considerably
more tractable than integrated planning—scheduling formula-
tions such as (PP2), which uses Eqs. 9—17 to provide produc-
tion feasibility and cost information that is more cheaply pro-
vided by Eqs. 18-19. It also provides a significantly better
approximation of feasible production amounts than models
with aggregate capacity constraints.

Rolling horizon algorithm for scheduling

Detailed schedules may be generated for the first few (or
all) planning periods using the rolling horizon algorithm
described in Table 5.

Production targets predicted by (PP3) are likely feasible.
However, to ensure feasibility, detailed scheduling model
(S3) can be solved for each period. Model (S3) consists of
Eqgs. 9-17 and 30-32. Its objective is the minimization of the
one-norm difference between production targets P; and
actual production amounts for which a detailed schedule can
be found.

min Dev = Z (Dev; + Dev; ) + &(Cp — Cp) (30)
keK™

Py — Py =Dev{ —Dev, VkeK™ 31

Dev >0 Dev, >0 VkeKk™ (32)

where 0 is a weight meant to reward total production cost
Cp if it is less than Cp predicted by (PP3). Parameter ¢ is
small so minimizing IP; — Pyl is emphasized since missing
production targets cause unexpected inventory and backlog
levels when (PP3) is resolved. If we are only interested in
production target feasibility and not production cost, then ¢
is set to zero in Eq. 30.

1000 -~ , - S
PC .'I
500
¢
A - P e
s00 _ - " 500
1000 & 1000 p
Py 1500 1500 A
Figure 18. The PAR for (PN3) is defined by 7 feasibility

cuts (4 in this view) based on 8 UE vertices
(7 in this view, plus the origin).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 19. Production amounts and inventory levels for
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[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

If the scheduling solution in period 0 does not meet the
predicted production target exactly, then planning model
(PP3) is resolved with P, and Cp, fixed for 1 < ¢ < 0 and
with Egs. 18 and 19 for t € {0 + 1, T}. The updated
predictions for Py, and Cpy, are then used as targets for
the next time period, i.e. the planning horizon rolls forward
one planning period. This allows for production targets in
latter time periods to be updated to “make up for” produc-
tion targets missed in previous time periods. We refer to the
proposed rolling horizon method for scheduling as (S-PP3).

To further enhance the generation of detailed schedules,
we can save and reuse schedules found during PAR genera-
tion, specifically schedules whose production targets corre-
spond to vertices of the UE (recall PAR = UE). Production
targets and total production cost assigned by (PP3) must lie
on: (a) a vertex of the PAR, (b) a nonvertex boundary of the
PAR, or (c) the interior of the PAR. In the first case, (S3)
can be skipped because a saved solution is available. In the
second and third cases, the closest saved solution as judged
by Eq. 30 can be used to “hot start” (S3).

Furthermore, to solve challenging problems over long
planning horizons, multiple PARs can be developed for the
same production facility. For example, products can be
grouped into families, and family-based PARs of lower
dimension can be developed and used with aggregate demand
forecasts. Furthermore, PARs for multiple production sites
can be developed independently but used simultaneously if
the production planning problem involves multiple manufac-
turing sites.

Example: Production planning and scheduling

To demonstrate rolling horizon method (S-PP3) we con-
sider process network (PN3) in Figure 17, which is a modi-

2500
{kg)
150400

SOy
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W Ehipmzns

B Backlog

1300 <
Figure 20. Demand, shipments, and backlog levels for
product A.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 6. Results of Model (PP3) and Algorithm (S-PP3),
with No Production Cost

(PP3) (S-PP3) (PP2)
Holding cost ($) 578,074 576,914 587,368
Backlog cost ($) 157,158 164,520 154,466
Total cost ($) 735,232 741,434 741,835
CPU seconds 0.015 1,423.05 7,251.69
fied example from Papageorgiou and Pantelides'® with six

processing units and three final products. Data are given in
appendix A. Algorithm (S-PP3) is used to solve a production
planning problem with 48 1-week planning periods. The
objective is to meet weekly demands for products A, B, and
C at minimum cost. Demand may be fulfilled late, but each
tardy period is penalized by a backlog cost that is equal to
five times the holding cost. Starting in the second week,
demand for all products is random but follows a 6-week peri-
odic pattern (Figure Al). Scheduling within each week is
modeled using a scheduling horizon of 168 h.

Two variations of this problem are solved, with and with-
out production cost at the scheduling level as formulated by
Eq. 15. All models were implemented in GAMS 22.1 and
solved with CPLEX 10.0 on a Pentium 4 at 2.8 GHz running
Windows XP, and PAR generation data are given in Appen-
dix B.

Example: Solution with no production cost

First, the PAR of (PN3) is generated off-line in 4052 CPU
seconds to create seven feasibility cuts (Figure 18). Next,
model (PP3) is solved to optimality to provide a 48-week
production plan with objective $735,232. The production
amounts and inventory levels of product A are shown in Fig-
ure 19, while the demand, shipments, and backlog levels for
A are shown in Figure 20. Note that production amounts and
inventory levels both peak just before a large order is due,
and this is because some order demands exceed the produc-
tion capacity, and it is cheaper to build-up inventory than to
work down backlog. Note also that shipments follow demand
levels very closely and that backlog is usually satisfied
within 1 week. Similar trends are observed for the other two
products.

The solution of model (PP3) provides a complete produc-
tion plan, i.e. production targets, inventory levels and ship-
ments. Furthermore, we can use the rolling horizon algorithm
(S-PP3) to generate detailed schedules. The final results of
both are summarized in Table 6. The final solution of

Table 7. Computational Statistics of Algorithm (S-PP3), 48
Planning Time Periods

Model Times Total CPU
(PP3), using OE inequalities (Bound) 1 0.150
(PP3), using UE inequalities (PAR) 1 0.150
Production targets at PAR vertices 3 -

Solution of scheduling model (S3) 45 -

Periods where targets exactly met 37 462.111
Periods where targets inexactly met 8 960.761
Solution of (PP3) to update targets 8 0.152
Total - 1,423.054

Published on behalf of the AIChE DOI 10.1002/aic 1309
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[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

(S-PP3) is $741,434, which is within 1% of (PP3), $735,232.
A lower bound of $686,777, within 7%, is found in 0.015
CPU seconds by solving (PP3) with UE inequalities replaced
by OE inequalities, since the latter provide a strict overap-
proximation of the exact attainable region. Hence, the solu-
tion provided by (PP3) is provably tight and can be used to
construct detailed schedules with almost no degeneration. By
comparison, solution of the fullspace model (PP2) after 2 h
yields a feasible solution with objective equal to $741,835
with a lower bound of $688,810.

Computational statistics for algorithm (S-PP3) are given in
Table 7. Of the 48 planning time periods, three time periods
had production targets coinciding with a saved solution from
PAR generation; (S3) does not need to be run, because
detailed schedules are available. For 37 time periods, (S3) is
able to identify a detailed schedule for exactly fulfilling the
production target (462 s total). For the remaining eight time
periods, an exact match could not be found in 120 CPU s
(961 s total). For these eight time periods, (PP3) was rerun
(0.152 s total) to update downstream production targets.

The average total (P + Pg + Pc) production is ~1820
kg per planning time period. The average absolute deviation
(shown in Figure 21) between (PP3) and production amounts
found by (S3) is less than 3.0 kg or 0.17%. The average
absolute deviation between updated production targets and
production amounts found by (S3) is 1.3 kg or 0.07%. This
demonstrates our method’s ability to effectively locate pro-
duction targets that are provably feasible. Even though a
minority of planning time periods have nonzero deviation,
the amount of that deviation is remarkably small. Finally,
note that detailed schedules for all 48 periods are obtained in
less than 30 min.

Example: Solution with production cost

Here, we solve a variation of the above problem in which
there is a fixed and variable production cost for each sched-

Table 8. Results of Model (PP3) and Algorithm (S-PP3) with
Production Cost

(PP3) (S-PP3) (PP2) 0
Holding cost ($) 574,756 568,345 580,180
Backlog cost ($) 183,933 210,221 191,641
Production cost ($) 408,405 411,910 412,722
Total cost ($) 1,167,094 1,190,475 1,184,543
CPU seconds 0.062 5,406.09 7,282.98
1310 DOI 10.1002/aic Published on behalf of the AIChE
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Figure 22. Production targets and deviation of produc-
tion amounts of Product A.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

uling batch. Equation 19 for (PN3) is generated off-line in
14,915 CPU s to create 79 optimality cuts (Eq. 19). The pro-
duction planning problem is first solved using model (PP3).
Using algorithm (S-PP3) to ensure feasibility, the objective is
degraded from $1,167,094 to $1,190,475. A lower bound of
$1,086,963, within 7%, is found in 0.046 CPU s solving
(PP3) with UE inequalities replaced by OE inequalities.
Results are summarized in Table 8. Note that model (PP3)
provides a solution that is within 2% of the detailed solution
obtained by (S-PP3), which is again very close. Solution of
the (PP2) after 2 h yields a feasible solution of $1,184,543
with a best bound of $1,092,743.

Figure 22 shows updated production targets predicted by
iterative solution of (PP3) and the absolute deviation of the
production amounts found by (S3). Note that the sum of pro-
duction targets for all three products in each period is
between 960 and 2060 kg (left y-axis), while the total devia-
tion lies between O and 23 kg (right y-axis). The average
deviation is 4.5 kg, 0.25% of the production. Similar to
before, the deviation between production targets predicted by
our method and what is provably feasible is very small.

Figure 23 shows updated production cost predictions and
the positive deviation of total production cost found by (S3).
Production cost predictions are between $5400 and $10,800
(y-axis on the left), while positive deviations are between 0
and $207.4 (y-axis on the right).

These two examples demonstrate the ability of our method
to compactly yet effectively convey what production amounts
P, and total production cost Cp are feasible. Our method
(PP3) can very quickly locate a near-feasible solution of high
quality. Additionally, to ensure feasibility, the proposed roll-
ing horizon algorithm (S-PP3) may be used to translate the

12500
%1 FP3FAR) Production Cost
10010
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W Pasitive Deviation of Production Caost (%)

T500
S0}
A0

2500

0

L

Figure 23. Predicted production cost and positive devi-
ation from prediction.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

May 2007 Vol. 53, No. 5 AIChE Journal



(PP3) solution into detailed schedules, with almost no devia-
tion in production amounts and production cost.

Conclusions

In this article, we presented a framework that enables us
to effectively (a) determine the set of attainable production
levels (targets) in a multiproduct process network and (b)
calculate production cost as a function of production levels.
The framework involves the development of two sets of con-
straints that provide a convex approximation of the set of
feasible production amounts and an underestimating function
of the production cost. They include only planning variables
P;; and can thus be efficiently integrated with production-
planning formulations. The method is general because it can
be used with any scheduling formulation to develop the
attainable region of any type of manufacturing facility. In
this article, we used STN-based subproblems (models (S2) &
(S3)), but any MIP model that describes scheduling decisions
in a given facility could be used instead. In principle, subpro-
blems do not even need to be formulated as MIPs. Therefore,
the method can be used for the solution of problems in all
different types of process networks (e.g., multistage, multi-
purpose, etc.).

We also showed that the proposed framework can be
extended to handle nonconvex feasible regions and cost func-
tions via the introduction of binary variables. In addition,
construction of approximating functions can be used to iden-
tify and analyze the dominant characteristics of a process
network. The proposed framework can also be used for
developing time-dependent approximating functions, which
should be particularly useful for applications involving long-
term maintenance or cyclic scheduling.

Finally, it was shown that the production planning formu-
lation can be integrated with scheduling models in a rolling
horizon approach to provide detailed schedules for every
planning period, with almost no deviation in predicted pro-
duction amounts and only a small deterioration of the pro-
duction-planning objective function.

Notation
Summary of Optimization Models/Algorithms

PPl = general production planning (Egs. 1-8)
PP2 = integrated planning-scheduling: (PP1) 4 (S1) + (17) (Egs. 1,
4-8, 9-17)
PP3 = proposed production planning formulation: (PP1) + PAR
(Egs. 1, 4-8, 18, 19)
S1 = scheduling: used for integration with (PP1) (Egs. 9-16).
S2 = scheduling: used to obtain a feasible point for the UE and an
inequality for the OE (Egs. 9-17, 20)
S3 = scheduling: used to obtain detailed schedules in (S-PP3) (Egs.
9-17, 30-32)
M1 = used to determine MPD and a new direction for (S2) (Egs.
23-28)
S-PP3 = rolling horizon algorithm for detailed scheduling (Table 5)

Indices/sets

i el = processing task
j€J = equipment unit

AIChE Journal May 2007 Vol. 53, No. 5
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ke K = chemical (product, state)
l e Lg/Lo = feasibility/optimality cuts; used to index PARs
m = iteration in the proposed algorithm; index of the

inequalities in Eqgs. 21
ne{0,1,...,N} = scheduling (small bucket) time point/period
te{0,1,...,T} = planning (big bucket) time point/period

Subsets
IB/I° = set of batch/continuous tasks
I(j) = set of tasks that can be carried out in unit j
I(k)/JO(k) = set of tasks consuming/producing chemical &
KRMK™NT/KFP — set of raw materials/intermediates/final products
Parameters
Demy, = demand for final product k € K™ at time point
h; = unit holding cost for product k

H = length of planning horizon
H, = length of planning period ¢

M = large number in big-M constraints
r?’”N/r}"[AX = minimum/maximum processing rate of continuous task
iel®
SMAX = storage capacity for chemical k

= unit backlog cost for final product k € K**

Uy
VE’HN/V[]}’[AX = minimum/maximum batch size of batch task i € I® on

unit j € J

wh = coefficient for product k € K™ in inequality / € Lg \U
Lo

wé = coefficient for production cost in inequality / € Lq

@, = fixed cost for beginning batch task i € I® or processing
continuous task i €

[i{‘; = variable cost for processing batch task i € I®

C = variable cost for processing continuous task i € I
0 = coefficient in Eq. 30
At = length of small-bucket (scheduling) period

n, = price of final product k € K™ if sales are allowed
II/I" = RHS of UE/OE inequality
pix = stoichiometric coefficient of chemical k in task 7
7; = processing time of batch task i € I®

Planning variables

Ch, = holding cost in period ¢

Cu, = backlog cost in period ¢

Cp, = production cost in period ¢

CT = total cost

Dy, = shipment of final product k € K*¥ in period ¢

I, = inventory level of product k in period ¢

P;, = production target for final product k € K™ in period

U, = outstanding (backlogged) demand of final product ¥ € K™ in
period ¢

Scheduling variables

Wij, (binary) = 1 if batch (continuous) task i € IB{C) starts (is being
processed) at point n

Bgn = batch size of batch task i € /® that starts at time point
n

B,Cjn = amount of continuous task i € I being processed dur-
ing period n

Si» = inventory level of chemical & at time point n

(M1) variables

MPD = maximum perpendicular distance
slack' = if Z'=1 and the 2-norm of w' is 1, then slack’ is distance
by which P, violates UE/
Z (binary) = indicates active UE inequality =1
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Appendix A: Example Data Table Al. Data for Figure 2

RM INT A B
T SNITIAL 0 0 0 0
SpAX o0 0 0 0
pi (kg) TAl -1 1
TA2 —1 1
TA3 -1 1

*Task i belongs to O(k)/I(k) if p;. is positive/negative.

Produciion Planning Time Period f

Table A2. Data for Figure 2

Figure A1. Demand Dem,; for the production planning

MAX, MIN
and scheduling example. ry Iy (kg/wk)
[Color figure can be viewed in the online issue, which is Ul U2 U3
available at www.interscience.wiley.com.] TA1 2100/1400

TA2 1400/1050

TA3 1050/1050

Table A3. Data for (PN1) in Figure 9

F1 F2 S1 S2 S3 S4 A B c D E F G
INITIAL ) 0 0 0 0 0 0 0 0 0 0 0
SMAx ) o) 30 30 30 30 0 ) ) ) 0 ) )
pi (kg) Tl -1 1
T2 —1 1
T3 —1 1
T4 —1 1
T5 —1 1
T6 —1 1
T7 -1 1
T —1 1
T9 —1 1
T10 -1 1
T11 —1 1
T12 -1 1
T13 -1 1
T14 —1 1

*Task i belongs to O(k)/I(k) if p; is positive/negative.

Table A4. Data for (PN1) in Figure 9

Time (h) VAR (kg/h)

T Ul U2 U3 U4 U5 U6
T1 2 10/0
T 2 10/0
T3 2 15/0
T4 2 15/0
T5 1 10/0
T6 1 10/0
T7 2 15/0
T* 1 10/0
T9 1 10/0
T10 1 10/0
Ti11 1 10/0
T12 1 10/0
T13 1 10/0
T14 1 10/0
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Table AS. Data for (PN2) in Figure 14

RM1 RM2 RM3 HOT INTI INT2 IMP A B
SINITIAL 0 0 0 0 0 0 0 0 0
SYAX o) o) o0 1000 500 0 1000 ) )
pi (kg) H -1 1
R1 -0.5 -0.5 1
R2 —0.4 0.6 —0.6 0.4
R3 02 0.8 1
S 0.1 -1 0.9
*Task i belongs to O(k)/I(k) if p;. is positive/negative.
Table A6. Data for (PN2) in Figure 14
Time (h) Production Cost V,%-AAX/V,;/"N (kg/h)
T % ($) B2 ($/kg) HT RI RIT Sep
H 1 11 0.55 50/0
R1 2 12 0.60 40/0 25/0
R2 2 13 0.65 40/0 25/0
R3 1 14 0.70 40/0 25/0
S 2 15 0.75 100/0
Table A7. Data for (PN3) in Figure 17
F1 F2 S1 S2 S3 S4 S5 S6 INT1 INT2 A B WS C
SIVITIAL 0 o 0 0 0 50 0 0 0 0 0 0 0 0
SMAX ) 0 100 100 100 100 100 100 100 100 ) 0 0 )
pi (kg) Tl -1
T2 —
T3 -
T4 1 —
TS5 -1 1
T6 —1 0.98 0.02
T7 —0.95 —0.05 1
T8 0.1 —1 0.9
T9 -0.5 -0.5
T10 — 1
*Task i belongs to O(k)/I(k) if p;. is positive/negative.
Table A8. Data for (PN3) in Figure 17
Time (h) Production Cost VYAX N (ke/h)
T % ($) BY ($/kg) Ul U2 U3 U4 Us U6
Tl 2 11 0.55 50/12.5
T2 1 12 0.60 80/20
T3 1 13 0.65 60/15
T4 2 14 0.70 50/12.5
TS5 2 15 0.75 80/20
T6 2 16 0.80 80/20
T7 4 17 0.85 30/7.5
T8 2 18 0.90 40/10
T9 2 19 0.95 30/7.5
T10 3 20 1.00 40/10
Table A9. Data for the Production Planning and Scheduling Example
A B C
Initial inventory (kg) 0 0 0
Inventory cost /; ($/kg wk) 13.3 16.7 20
Backlog cost u; ($/kg wk) 67.7 83.3 100
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Appendix B: Model and Computational
Statistics of Examples

Table B1. Computational Statistics for PAR Generation

Figure 2 (PN1) (PN2) (PN3)

Horizon (h) 168 168 48 120 168 216 120 120 120 120
Notes LP rela. Sy *2 SNAX * 3 +Cost
Initial directions 4 4 14 4 4 4 4 4 6 8
CPU (S2) 0.31 0.31 2.947 902.15 900.59 902.22 902.94 900.41 1351.20 1801.90
Initial MPD 738 738 1053 1317 1865 2407 1317 1316 1295 2083
UE volume 726,276 726,276 9.68E + 014 1,217,959 1,663,102 3,018,658 1,681,619 2,143,027 2.78E + 08 7.36E + 08
OE volume 1,452,552 1,452,552 4.88E + 018 4,536,844 8,896,366 15,072,445 4,737,214 4,933,068 1.75E + 09 1.75E + 09
Initial vol. ratio (%) 50 50 0.02 27 19 20 35 43 16 42
Iterations 2 2 40 9 7 7 8 7 6 29
CPU (S2) 0.20 0.20 4,065.65 3154.25  3151.06 2251.48  3152.16  2805.82  2,700.53 13,110.83
CPU (M1) 0.02 0.02 16.64 0.15 0.15 0.14 1.65 0.15 0.14 2.03
Final MPD 0 0 6 27 85 177 51 46 18 78
UE volume 726,276 1,392,029 3.30E + 015 1,875,746 2,839,125 4,960,681 2,292,840 2,573,263 7.36E + 08 4.20E + 12
OE volume 726,276 1,392,029 3.30E + 015 1,914,608 2,980,057 5,211,157 2,368,453 2,652,842 7.59E + 08 4.63E + 12
Final vol. ratio (%) 100 100 >99 98 95 95 97 97 97 91
Unique UE vertices 3 5 41 9 7 7 9 8 8 30
Nonredundant 3 5 25 12 11 9 10 10 6 35

OE inequalities
Nonredundant 3 5 67 9 7 7 9 8 7 79

UE inequalities

AIChE Journal

Runs for model (S2) that were not solved to optimality were terminated after 450 CPU seconds. The computation time of the Quickhull algorithm is negligible.
For two-dimensional polytopes (Figure 2, (PN2)), the number of UE vertices and UE inequalities should be equal.
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